Soliton dynamics in a large variety of longitudinally modulated lattices are studied in terms of phase space analysis for an effective particle approach and direct numerical simulations. Complex soliton dynamics are shown to depend strongly on both their power/width and their initial momentum as well as on lattice parameters. A rish set of qualitatively distinct dynamical features of soliton propagation that have no counterpart in longitudinally uniform lattices is illustrated. This set includes cases of enhanced soliton mobility, dynamical switching, extended trapping in several transverse lattice periods, and quasiperiodic trapping, which are promising for soliton control applications.
I. INTRODUCTION
The propagation of spatially localized waves in inhomogeneous nonlinear media is a subject of general interest that rises in many branches of physics such as light propagation in photonic lattices, matter-wave formation in Bose-Einstein condensates and solid state physics. Periodic modulation of the material properties in the form of a photonic lattice configuration has been shown to alter solitary wave formation and dynamics so that lattice solitons have features and properties with no counterpart in homogeneous media [1] . The inhomogeneity of the medium can be either written in the form of waveguide arrays and optical networks or dynamically formed and leads to additional functionality with respect to wave control allowing for a variety of interesting applications. In such lattices stable solitons can be formed in specific positions determined by the lattice geometry. For the case of photonic structures transversely modulated by monochromatic (single wavenumber) variations of the linear or nonlinear refractive index stable solitons are always formed in the positions corresponding to the minima of the respective potential [2, 3] . In the case of polychromatic lattices the effective potential is different for solitons having different power and spatial width so that the number and the positions of stable solitons depend on their properties [3] . Therefore, the increased complexity of the medium modulation results in additional functionality of the photonic structure with respect to soliton discrimination.
An additional degree of freedom in lattice modulation is related to the longitudinal periodic modulation of the properties of the medium. Such cases have been studied in the motion of charged-particle wave packets along periodic potentials in an a.c. electric field [4] [5] [6] and in matter-wave dynamics in Bose-Einstein condensates under the influence of a time-periodic potential [7] [8] [9] . In the context of light propagation in photonic lattices, previous studies include diffraction managed solitons [10] as well as Rabi-like oscillations and stimulated mode transitions with linear and nonlinear wave states in properly modulated waveguides and lattices [11] . Longitudinally modulated lattices have been considered for soliton steering in dynamically induced lattices [12] [13] [14] . Dynamical localization and control has also been studied in longitudinally modulated waveguide arrays including periodically curved [15] waveguides and waveguides with periodically varying width [16] as well as lattices with longitudinally varying refractive index [17] .
In this work we investigate the effect of the a wide variety of different types of longitudinal lattice modulation on soliton dynamics and explore the additional functionality of the corresponding photonic structure in terms of soliton control based on both their power/width and momentum. Strong momentum dependence of soliton dynamics results from the fact that longitudinally modulated lattices actually carry momentum if seen as wave modulations of the medium [12] . The two types of longitudinal modulations considered are amplitude and transverse wavenumber modulation along the propagation distance, being capable of describing several realistic configurations as well as providing fundamental understanding of the dynamical features related to even more general modulations. Soliton propagation in such inhomogeneous media is modeled by a NonLinear Schrödinger (NLS) equation with transversely and longitudinally varying linear refractive index. Utilization of this continuous model allows for the study of soliton dynamical trapping and detrapping dynamics in contrast to discrete models where discrete solitons are locked at high powers to their input waveguides and are not allowed to travel sideways.
In contrast to many previous studies where longitudinal and transverse length scales are well separated, our study focuses on cases where length scale interplay takes place. Therefore, the periods of longitudinal lattice modulation are comparable to periods of soliton oscillation in a longitudinally homogeneous lattices. Resonances between these periodicities result in drastic modification of soliton dynamics and gives rise to a plethora of novel dynamical features depending on soliton power and momentum, including enhanced mobility, dynamical switching and trapping in extended areas of the lattice, periodic and quasiperiodic oscillations. An effective particle approach [18] is utilized in order to obtain a nonintegrable Hamiltonian system describing soliton "center of mass" motion. The complex dynamics of the system are analyzed in terms of Poincare surfaces of section providing a comprehensive illustration of soliton dynamical features. The remarkable agreement of direct numerical simulations with the phase space analysis of the effective particle dynamics suggest that the latter provides a useful tool for analyzing dynamics of different solitons propagating in lattices with different configurations as well as for designing lattices with desirable features.
II. MODEL AND EFFECTIVE PARTICLE APPROACH
The wave propagation in an inhomogeneous medium with Kerr-type nonlinearity is described by the perturbed NonLinear Schrödinger (NLS) equation
where z and x are the normalized propagation distance and transverse coordinates respectively. We consider relatively weakly inhomogeneous media where the potential function n(x, z) models longitudinally modulated lattices. ǫ is a small dimensionless parameter indicating the strength of the potential and n(x, z) is periodic in x and z.
The lattice potential has a fundamental transverse (x) periodicity (K −1 0 ) and we consider two types of longitudinal (z) modulations. The first one will be called AM modulation, as we modulate the amplitude of the potential function according to
In Figs. 1(a)-(c) we demonstrate three examples of such lattice patterns in the (x, z) plane.
For the second type of modulation, which we call WM, the transverse wavenumber of the lattice varies periodically with z as follows
and the corresponding patterns are shown in Figs The unperturbed NLS (ǫ = 0) has a fundamental singe-soliton solution of the form
. η is the amplitude or the inverse width of the soliton solution, x 0 its center (called sometimes the center of mass due to the effective-particle analogy of the solitons), v the velocity, and σ the nonlinear phase shift.
The longitudinal evolution of the center x 0 under the lattice perturbation is obtained by applying the effective-particle method. According to this method we assume that the functional form and the properties (width, power) of the soliton are conserved in the case of the weakly perturbed NLS. This assumption has to be verified through numerical integration of Eq. (1) at least to a good approximation. The equation for x 0 is equivalent to an equation that describes the motion of a particle under the influence of an effective potential (periodic in our case) and is given by
where m = |u| 2 dx the integral of the non-dimensional soliton power, equivalent to the particle mass, and V ef f (x 0 ) = 2 n(x, z)|u(x; x 0 )| 2 dx the aforementioned effective potential determining soliton dynamics. By substituting the expressions of fundamental soliton and lattice potential Eq. (2) or Eq. (3), we obtain m = 2η and
with K ± = K 1 ± K 0 , and
with K m = mK 1 + K 0 , for the two modulation types respectively.
The soliton dynamics, as described by Eq. (4), with the above effective potentials are determined by a nonautonomous Hamiltonian system
where z is considered as "time" and v =ẋ 0 is the velocity of soliton center of mass.
For the case of zero longitudinal modulation (α = 0) the system is integrable and soliton dynamics are completely determined by the form of the z-independent effective potential.
In such case solitons are either trapped, oscillating between two maxima of the effective potential, or traveling along the transversely inhomogeneous medium. For trapped solitons the oscillation frequency varies from a maximum frequency
corresponding to small harmonic oscillations around the minimum of the effective potential to a minimum zero frequency (infinite period) corresponding to an heteroclinic orbit connecting the unstable saddle points located at the maxima of the effective potential. The heteroclinic orbit is the separatrix between trapped and traveling solitons. Conditions for soliton trapping are determined by the initial soliton energy H, which depends on both soliton position and velocity, and occurs when −ω
. Moreover, solitons located at the stable points (corresponding to the minima of the effective potential) can be detrapped if their initial velocities exceed a critical value
and travel at a direction determined by the sign of their initial velocity.
The presence of an explicit z dependence in the effective potential (α = 0) results in the nonintegrability of the Hamiltonian system which describes the soliton motion and allows for a plethora of qualitatively different soliton evolution scenarios. The corresponding richness and complexity of soliton dynamics opens a large range of possibilities for interesting applications where the underlying inhomogeneity results in advanced functionality of the medium.
The nonintegrability results in the destruction of the heteroclinic orbit (separatrix), allowing for dynamical trapping and detrapping of solitons. Therefore, we can have conditions for enhanced soliton mobility: Solitons with small initial energy can travel through the lattice as well as hop between adjacent potential wells and dynamically be trapped in a much wider area, including several potential minima. Moreover, resonances between the frequencies of the internal unperturbed soliton motion and the z-modulation frequencies result in quasiperiodic trapping and symmetry breaking with respect to the velocity sign. It is worth mentioning that all these properties depend strongly on soliton characteristics, namely η, so that different solitons undergo qualitatively and quantitatively distinct dynamical evolution in the same inhomogeneous medium.
III. RESULTS AND DISCUSSION
In the following, we consider relatively weakly modulated lattices being of interest in most applications and set ǫ = 10 from the former minimum of the effective potential (which in the unmodulated case would remain in the same orbit) they undergo now qualitatively distinct evolution. In such cases one of the solitons can be trapped while the other is detrapped. The velocity selectivity is a direct consequence of the momentum that is incorporated in the lattice pattern due to the biperiodic lattice potential and even though is met in both AM and WM lattices it seems to be more prominent in the later as seen from the Poincare surfaces of section. The dependence of motion on its initial displacement is related to the fact that the local minima of the transverse lattice profile changes periodically with z.
Having discussed the topological features of phase spaces corresponding to different combinations of lattice configurations and soliton powers (η), we now show specific characteristic cases of soliton motion having qualitatively distinct properties and being promising for potential applications. Although similar cases can be met in many different cases, we focus our analysis on the cases depicted in Figs In Fig. 6 (a) we illustrate soliton propagation for an initial center position and velocity corresponding to point (i) of Fig. 5(a) . It is shown that soliton undergoes a complex evolution being dynamically trapped between several transverse lattice periods, in contrast to the case of same initial conditions in an unmodulated lattice. Soliton mobility is even more pronounced in the case shown in Fig. 6 (b) where complete dynamical detrapping takes place allowing for a soliton to travel across the lattice. The latter is the typical case of soliton evolution for initial conditions located outside the region occupied by regular orbits in the corresponding phase spaces. It is worth mentioning that the degree of mobility enhancement is not the same for different solitons in the same lattice as it can be seen by the comparison of the size of the regular area in Figs. 3(a)-(d) . Initial conditions located on the regular or island curves of the phase space, as point (iii) in Fig. 5(a) , correspond to quasiperiodic soliton oscillations as shown in Fig. 6(c) . In Fig. 6 (d) the soliton evolution for an initial condition close to the saddle point (iv) of Fig. 5(a) is depicted exhibiting an unstable (hyperbolic) type of periodic orbit.
A very interesting evolution scenario is illustrated in Fig. 7 (a) for initial conditions depicted by points (i) and (ii) of Fig. 5(b) , corresponding to solitons having the same initial positions but opposite initial velocities: The soliton with the positive velocity remains trapped and periodically oscillating (since it corresponds to a center of a resonant island -ex-act resonance) while the soliton with the negative velocity undergoes a dynamical switching to a neighbor lattice position where undergoes persistent trapping. This type of feature can be considered for promising power and velocity dependent soliton switching applications. In the same fashion, the effect of symmetry breaking with respect to v = 0 can lead to velocity sign dependent soliton trapping or traveling across the lattice, as shown in Fig. 7(b) . A trapped soliton propagation having the form of a beat is depicted in Fig. 7(c) for an initial condition corresponding to a resonant island.
As a final case we consider soliton dynamical trapping within an extended area including many transverse periods of the lattice in a persistent periodic fashion, as shown in Figs. 8(b) and (c). The initial conditions leading to such evolution correspond to two families of interconnected resonant islands (1) and (2) 
IV. CONCLUSIONS
We have studied soliton dynamics in a large variety of longitudinally modulated lattices in terms of direct numerical simulations as well as phase space analysis for an effective particle approach. The remarkable agreement of the results suggest that the effective particle approach and the phase space analysis with the utilization of Poincare surfaces of section provides a useful tool for studying complex soliton dynamics in such lattices as well as analyzing and/or designing lattices having desirable properties. It is shown that soliton dynamics depend strongly on their power and the corresponding spatial width through its relation with the transverse lattice period as well as on both magnitude and direction of their initial velocity. A large variety of qualitatively distinct dynamical features of soliton propagation have been shown that have no counterpart in longitudinally uniform lattices.
Therefore, cases of enhanced soliton mobility, dynamical switching and trapping in several transverse lattice periods as well as quasiperiodic and periodic trapping have been shown, suggesting that the corresponding complexity of the effective particle phase space gives rise to a plethora of dynamical features which are promising for applications. 
